Introduction
For the spectral analysis of non-relativistic QED a renormalization transform was introduced in [2, 3] that reduces an eigenvalue problem for the Hamiltonian H to an equal one for an effective Hamiltonian on a smaller Hilbert space, or, more precisely, a Hamiltonian with fewer degrees of freedom. The heart of this renormalization transform is Schur's block-diagonalization of the Hamiltonian H with respect to the decomposition H = P H ⊕P H of the Hilbert space H induced by suitably chosen projections P and P = 1 − P : assuming thatP HP is invertible onP H, the Hamiltonian H is invertible if and only if its Schur complement, or Feshbach map, F P (H) = P HP − P HP P HP −1P HP,
is invertible on P H [2, 3] . Moreover, the kernels of H and F P (H) have equal dimensions.
In the renormalization analysis of Bach et al. the projection operator P is the spectral projection χ [0,ρ] (H f ) of a self-adjoint operator, H f , the field energy.
In the recent beautiful paper [1] The Schur complement (for matrices) goes back to Schur [9] , see also [7, 10] , and it is widely used in applied mathematics [10] . In the physics literature H. Feshbach derived an effective Hamiltonian of the form of a Schur complement in a study of nuclear reactions [5] . Subsequently this effective Hamiltonian was written in the form (1) using projection operators P and Q = 1 − P [6] , called Feshbach's projection operators [8] .
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The Smooth Feshbach Map
Let χ and χ be commuting, nonzero bounded operators, acting on a separable Hilbert space H and satisfying χ 2 + χ 2 = 1. By a Feshbach pair (H, T ) for χ we mean a pair of closed operators with same domain
such that H, T, W := H − T , and the operators
defined on D(T ) satisfy the following assumptions:
(a) χT ⊂ T χ and χT ⊂ T χ,
(c) χH
Henceforth we will call an operator A :
Remarks.
To verify (a)
, it suffices to show that T χ = χT and T χ = χT on a core of T . 
If T is bounded invertible in Ran
and
Then H : D(H) ⊂ H → H is bounded invertible if and only if
are linear isomorphisms and inverse to each other.
Remarks.
1. The subspaces V = Ran χ and V = H satisfy the conditions stated in (3).
2. From [1] it is known that χ and Q χ are one-to-one on KerH and KerF χ (H, T ) respectively. The stronger result (ii) will be derived from the new algebraic identities (a) and (b) of the following lemma. (a) (χH
Proof. We proof the first equations in (a), (b), and (c) only. The other ones are proved analogously. (a) Since χT ⊂ χT and
(b) Using again condition (a) of Feshbach pairs and χ 2 + χ 2 = 1, we find on D(T ),
where in the third equation we used the resolvent identity χ(
Remark. Alternatively, one can prove the identities of Lemma 2 (b) as follows. By definition of F and the first equation of (c), on D(T ), This proves statement (ii). Finally, from H χ = T (1 + T −1 χW χ) and (c') it follows that
which, by (c'), is bounded bounded.
